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Abstract. Let be a bounded domain in R^. In this paper, we consider the foUowing 
nonhnear elhptic equation of iV-Laplacian type: 

-ApfU = f {x,u) 

u e {n) \ {0} 

when / is of subcritical or critical exponential growth. This nonlinearity is motivated by 
i the Moser-Trudinger inequality. In fact, we will prove the existence of a nontrivial non- 

negative solution to (|0.ip without the Ambrosetti-Rabinowitz (AR) condition. Earlier 
works in the literature on the existence of nontrivial solutions to A'^— Laplacian in 
when the nonlinear term / has the exponential growth only deal with the case when / 
^ i satisfies the (AR) condition. Our approach is based on a suitable version of the Moun- 

Q^ I tain Pass Theorem introduced by G. Cerami I12j . This approach can also be used 

OO . to yield an existence result for the p-Laplacian equation (1 < p < A^) in the subcritical 

' polynomial growth case. 

(N 

^ ' 1. Introduction 

Let f2 be a bounded smooth domain in and we consider the following class of 
^ ■ nonlinear elliptic equations 

; j -ApU = f {x,u) inn, 

^ ' \ueW^''{n)\{0} 

where —ApU = —div{\'Vu\'^~'^'Vu) is the p— Laplacian. It is well known that problems 
involving the p— Laplacian appear in many contexts. Some of these problems come from 
different areas of applied mathematics and physics. For example, they may be found in 
the study of non-Newtonian fluids, nonlinear elasticity and reaction-diffusions. The main 
purpose of this paper is to establish existence results of nontrivial nonnegative solutions 
to the above problem of iV— Laplacian when the nonlinear term / has the exponential 
growth but without satisfying the Ambrosetti-Rabinowitz condition. In these cases, the 
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original version of the Mountain Pass Theorem of Ambrosetti-Rabinowitz [Tl 132] is not 
sufficient for our purpose. Therefore, we will adapt a suitable version of Mountain Pass 
Theorem introduced by Cerami 112] to accomplish our goal. Our approach also yields 
an existence result of nontrivial nonnegative solutions when 1 < p < N and / satisfies a 
certain subcritical polynomial growth condition weaker than those in the literature. 

In the case p = N, motivated by the Trudinger-Moser inequality (see Lemma 3), 
existence of nontrivial solutions to A^— Laplacian when / has the exponential growth have 
been studied by many authors. See for example, Carleson-Chang |10] . Atkinson- Peletier 
[8], Adimurthi et al [l [H [3l H [H [6] , Marcos Do O et al HH [28l [29l SD] , de Figueiredo 
et al |15|, 116]. etc. using the classical Critical Point Theory first developed by Ambrosetti- 
Rabinowitz in their celebrated work [7] , see also |32] . The key issue in using such a theory 
is the verification of conditions which allow the use of the Palais-Smale condition. 

When 1 < p < A^, there have been substantial amount of works to study the existence 
of the nontrivial solution for (11. ip . Nevertheless, almost all of the works involve the 
nonlinear term f{x, u) of a subcritical (polynomial) growth, say, 

(SCP) : There exist positive constants Ci and C2 and qo E {p — l,p* — 1) such that 

< fix, t) <ci + cst^" for alH > and X G n 

where p* = Np/ (N — p) denotes the critical Sobolev exponent. In this case, we can treat 
the problem (II. ip variationally in the Sobolev space W^'^ (Q) thanks to the standard 
Mountain Pass Theorem. Since Ambrosetti and Rabinowitz proposed the Mountain-pass 
Theorem in their celebrated paper [7], critical point theory has become one of the main 
tools for finding solutions to elliptic equations of variational type. Indeed, if we define the 
Euler- Lagrange function associated to problem (II. ip : 



J : Wo'" (fi) ^ 



- f \Vuf dx — f F{x,u)dx 
P Jn Ju 



J{u) 

p 

where 

F{x, u) = I f{x, s)ds 





then the critical point of J are precisely the weak solutions of problem (II. ip . One of 
the main conditions that appeared in many works is the so-called Ambrosetti-Rabinowitz 
condition: 

(AR) : There are constants 6 > p and sq > such that 

< 6F{x, s) < sf{x, s), \s\ > So, Vx G n 

In fact, the (AR) condition is quite natural and plays an important role in studying 
problem (II. ip . for example, it ensures the boundedness of the Palais-Smale sequence. 
On the other hand, this condition is very restrictive and eliminates many interesting and 
important nonlinearities. We recall that (AR) condition implies another weaker condition 

f(x,t) 

f is p-superlinear at infinity, i.e., lim — = +oo, uniformly in a; G ^2. 

n—^oo 
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However, there are many functions which satisfy the p-superhnearity at infinity, but do 
not satisfy the [AR) condition. An example of such functions is 

/(x,t) = itr'tiog(i+iti). 

Over the years, many researchers studied problem (11. ip by trying to drop the [AR) 
condition, see for instance [I7l[l8l|20l[2ll[^[23l[Mll25l[3lllMllMl[^ For 

example, the following assumption has been studied by many authors: 

fi^^t) . , . . , 

IS non-decreasmg with respect to \t\ 

(see [241 I25L 135] and references therein). Recently, the authors of |14j have used the 
following condition: 

There exists 9>l such that 9G{x, t) > G{x, st) for all {x,t) e^lxR and s e [0, 1] 

where G{x,t) = f{x,t)t — pF{x,t), to compute the critical groups of the functional J at 
infinity, and obtain one nontrivial solution of (11. ip . This condition was first introduced by 
Jeanjean [18] . and then was used by numerous authors, for example, [211, 123L I25L \34\ 137]. 

We note that except in |21] . the other authors assumed the condition [SCP) in their 
works in order to get the existence results. One of the main reasons to assume this 
condition (SCP) is that they can use the Sobolev compact embedding Wq'^ {^l) L'^ (f2), 
1 < q < p*. 

In this paper, our first main result will be to study problem (II. ip in the improved 
subcritical polynomial growth 

(SCPI) : hm = 

s 



hoo 



which is much weaker than {SCP). Note that in this case, we don't have the Sobolev 
compact embedding anymore. Our work again is without the (Ai?)— condition. In fact, 
this condition was studied by Liu and Wang in |21j in the case of Laplacian (i.e., p = 2) by 
the Nehari manifold approach. However, we will show that we can use a suitable version 
of the Mountain Pass Theorem to get the nontrivial solution to (11. ip in the general case 
1 < p < A^. This result is stronger than those in [TTl [231 El] • 
Let us now state our result: Consider the problem: 

{—ApU = f (x, u) in Q, 
u G Wl^^ (fi) \ {0} 
M > 

Suppose that 

(LI) : / : X M — )■ M is continuous, f {x,u) > 0, V(x,u) G Q x [0, oo) and 
/ (x, u) = 0, V (x, u) eQ X (-00, 0]. 

u 

(L2) : lim :^I^2!£) = _)_qo uniformly on x G where F{x,u) = f f(x,t)dt. 

(L3) : There is > 0, 6 > 1 such that H{x,t) < eH{x,s) + for all < t < 
s, Vx G i7 where H{x, u) = uf{x, u) — pF{x, u). 

(L4) : limsup^^^^S^ < Ai (i7), uniformly on x G fi. 
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where 

Ai (n) = inf Yj ^^^l^l ■■ u e W^'^ (Q) \ {0} 



then 

Theorem 1. Let 1 < p < N and assume that f has the improved suhcritical polynomial 
growth on f2 (condition (SCPI)) and satisfies (LI), {L2), (L3) and {L4). Then, problem 
/ f^) has a nontrivial solution. 

Since we are only concerned with the nonnegative solution, the condition (LI) is 
natural. Moreover, condition (L2) is just a consequence of the p-superlinear at infinity 
of /. The type of condition (L3) was first introduced by Jeanjean [18] and was used in 
subsequent works, see |17L I23|, I25L 134] . Finally, in earlier works (see e.g., |17L I23L 125]). 
they also often assumed that 

lim = uniformly on x G 

which is stronger than our condition (L4). 

In case ofp = N, we have p* = +oo. In this case, every polynomial growth is admitted, 
but one knows by easy examples that Wq'^ (n) ^ (fi). Hence, one is led to look for 
a function g{s) : ^ IR+ with maximal growth such that 



sup / g {u)dx < oo 



'(f7), 

It was shown by Trudinger [36] and Moser [26j that the maximal growth is of expo- 
nential type. So, we must redefine the subcritical (exponential) growth and the critical 
(exponential) growth in this follows: 



iSCE) : f has subcritical (exponential) growth on VtA.e, lim — , ^f''i^Al„in = 0, 
uniformly on x G for all a > 



{CG) : f has critical growth on Q, i.e., there exists ao > such that 
lim -z ^ r- = 0, uniformly on x G fi, Va > 

ii— >+oo / I \N/{N—1) 

exp ( a |m| ' 

and 

lim T ^ ^ = +00, uniformly on x E Q, Va < an 



exp \u 

When p = N and / has the subcritical exponential growth (SCE), again we can 
use the Mountain Pass theorem together with the (AR) condition to get the nontrivial 
solution to (11.11) . Nevertheless, it seems that there are no works when the nonlinear term 
/ does not satisfy the (AR) condition in this case. Thus, the second main result of this 
paper is to establish the existence of nontrivial nonnegative solutions to ([P]) when / has 
the subcritical exponential growth (SCE). More precisely, we will study the existence of 
the nonnegative nontrivial solution to problem ([P]) where we don't need to use the {AR) 
condition. Our result is as follows: 
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Theorem 2. Let p = N and assume that f has the subcritical exponential growth on 
(condition (SCE)) and satisfies {LI), {L2), (L3) and {LA). Then, problem has a 
nontrivial solution. 

When p = N and / has the critical exponential growth (CG), the study of the prob- 
lem (11.11) becomes much more difficult than in the case of subcritical exponential growth. 
Similar to the case of the critical polynomial growth in {N > 3) for the Laplacian stud- 
ied by Brezis and Nirenberg in their pioneering work [9]), our Euler-Lagrange functional 
does not satisfy the Palais-Smale condition at all level anymore. Instead, the authors in 
PP, 1291 |30j used the extremal function sequences related to Moser-Trudinger inequality 
to prove that J satisfies the Palais-Smale at a certain level. Moreover, this Palais-Smale 
sequence was shown to be bounded and then derived a nontrivial solution. The idea of 
choosing the testing functions which are extremal to the Moser-Trudinger inequality is 
inspired by the work of Brezis and Nirenberg where the testing functions are extremal to 
the Sobolev embedding inequality. 

However, in the works [1], I29L 130] . they need to assume a much more restrictive 
condition 

{ARR) : 3to > 0, 3M > such that V |m| > to, \fxeQ,0 < F{x, u) < M\f {x,u)\ 

It's clear that the condition (ARR) implies the {AR) condition. 

Our third main purpose of this paper is to study problem ([P]) without using the {ARR) 
condition or {AR) condition. Indeed, we get the following result: 

Theorem 3. Let p = N and assume (LI), (L2), (L3) with 6 = 1 and C* = 0, (L4) and 
that f has critical growth on Q {CG), say, at Oq. Furthermore assume that 

(L5): \im. / (x, t) exp ^— I'^l^^*'^"^'' j > /3 > (^)^ Ma'^~^ ' ^^Z^'^"^^?/ {^i'^) 
where d is the inner radius of Q, i.e. d := radius of the largest open ball C fi; 

1 

M= \imn [ expn - t) dt {> 2) 

n— >-oo J 


and 

(L6): f is in the class {Lq), i.e., for any {u„} in W^'^ {Q) , if 

then F{x,Un) — )■ m {Q) (up to a subsequence). 
Then, problem has a nontrivial solution. 

It is easy to see that condition (L2) in Theorem 3 is just a consequence of the critical 
exponential growth condition {CG) and therefore it is automatically satisfied. 

The following remarks are in order. First of all, in dimension two we have recently 
established in |19] the existence of nontrivial nonnegative solutions to the Laplacian 
equation (i.e., p = 2) when the nonlinear term / has the subcritical or critical exponential 
growth of order exp(aM^) but without satisfying the Ambrosetti-Rabinowitz condition. 
These results in dimension two in |19j extend those of [16j to the case when / does 
not have the {AR) condition. Second, there have been many works in the literature in 
which the {AR) condition was replaced by other alternative conditions when / has the 
polynomial growth. Our results in this paper appear to be the ffist time in high dimension 



j M„ ^ zn {Q) 
\ f{x,Un) ^ zn {Q) ' 
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for A^— Laplacian when / has the subcritical or critical exponential growth and without 
(AR) condition. 

As far as the case when the nonlinear term / has the polynomial growth is concerned, 
we recall that, in [38j . Willem and Zou used 



where /i > 2 and Cq > 0, instead of (AR). It's clear that this condition is much stronger 
than our conditions. Also, in |13j . the authors replaced [AR) condition by 



As remarked in [25j , the later condition is in fact equivalent to (AR) and it's easy to 

see that the convexity on H is much stronger than our condition. Indeed, observe that 
function H{x, s) is a " quasi- monotonic" function, and also if H is monotonic function in 
s < and s > 0, or a convex function in M, then it satisfies (L3) with 6 = 1. 

The organization of the paper is as follows. In section 2, we collect some known results 
of Mountain Pass Theorem in critical point theory ([7], [32], |12] ). In particular, it is 
necessary to adapt the appropriate version of the Mountain Pass Theorem due to Cerami 
|11L 112] to remove the Ambrosetti-Rabinowitz condition. Section 3 provides the proof of 
Theorem 1, i.e., the existence of nontrivial nonnegative solutions to Problem (jP]) when 
the nonlinear term / has the improved subcritical polynomial growth (SCPI). Section 4 
deals with the case when the nonlinear term / has the subcritical exponential growth and 
gives the proof of Theorem 2. Section 5 contains the proof of Theorem 3 and establishes 
the existence of nontrivial solutions when / has the critical exponential growth. 



H{x, s) is increasing in s, Vx G Q; sf{x, s) > Vs G M, 

sf{x, s) > Co , V |s| > So > 0, Vx G 1] 




> A; > 0, uniformly a.e. x G fi. 



where > /xo > 0. In [33], Schechter and Zou assumed that 

H{x, s) is convex in s, Vx G f2 
or there are constants C > 0, /i > 2 and r > 0, such that 



fiF (x, t) - tf (x, t) <C {1 + t^) , \t\ > r. 




2. Preliminaries and Mountain Pass Theorems 



Let f2 be a bounded domain in M . We denote 




d 



radius of the largest open ball C 
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Define the Euler-Lagrange functional associated to problem fjPj) : 

1 



JU) = - \\uf 
P 



[ F{x,u)dx, u e Wl'^'in) 
Jn 



From the hypotheses on /, by the standard arguments and the Moser-Trudinger inequality 
(see Lemma 3), we can easily see that J is well-defined. Also, it's standard to check that 
J is {W^'P (n) , M) and 

DJ{u)v= [ iVuf'^VuVvdx - [ f{x,u)vdx, veW^'^in) 
Jn Jn 

Thus, the critical point of J are precisely the weak solutions of problem ([P]). We will 
prove the existence of such critical points by the Mountain Pass Theorem. 

Definition 1. Let (X, \\-\\x) ^ '^ca/ Banach space with its dual space (X*, IHIj^^,) and 
I E (X, M). For c G M, we say that I satisfies the {PS)c condition if for any sequence 
{xn} C X with 

I (Xn) c, DI (xn) in X* 

there is a subsequence {a;^^,} such that {xn^} converges strongly in X. Also, we say that 
I satisfies the (C)c condition if for any sequence C X with 

I{Xn) C, \\DI{Xn)\\x* + ll^^nUx) ^ 

there is a subsequence {xn,.} such that {xn,.} converges strongly in X. 

We have the following versions of the Mountain Pass Theorem (see [Tl llll 1121 123] ): 

Lemma 1. Let {X, \\-\\x) be a real Banach space and I E (-^,1^) satisfies the (C)c 
condition for any c G M, /(O) = and 

{{) There are constants p, a > such that I\dBp > «■ 

(ii) There is an e E X \ Bp such that /(e) < 0. 

Then c = inf max/(7 (t)) > a is a critical value of I where 
7ero<i<i ^ ' ^ - 

r = {7GC°([0,l],X), 7(0) = 0, 7(l) = e}. 

Lemma 2. Let (X, \\-\\x) be a real Banach space and I eC^ (X, M) satisfies /(O) = and 
{i) There are constants p, a > such that I\aBp > 
{ii) There is an e E X \ Bp such that /(e) < 0. 
Let Cm be characterized by 

Cm = inf max/(7 (t)) 
7Gro<t<i 

where 

r = {7GC°([0,l],X), 7(0) = 0, 7(l)=e}. 
Then I possesses a {C)cm sequence. 

As we remarked earlier, our results are motivated by the so-called Moser-Trudinger 
inequality which can be found in [26j. As we know, if i7 C (X > p) is a bounded 
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domain, then the Sobolev imbedding theorem states that Wq'^ {Q) C L'^ {Q), for 1 < g < 
P* = iv^' equivalently, 

sup / \u\'^ dx < C (il) , for 1 < g < p*, 

ueWo'''{n), \\u\\<iJu 

while the supremum is infinite for q > p*. In the case p = A^, it was shown by Trudinger 
[36] and Moser [26j that the maximal growth is of exponential type. More precisely, we 
have the following lemma: 

Lemma 3. Letu G Wq''^ (il), then exp(\u\^^^^^^'') G (fi) for alll < q < oo. Moreover, 

sup / exp(a \u\^^^^~^^)dx < C {^l) for a < a^- 

«ewj'^(n), ||«||<i "'^^ 

The inequality is optimal: for any growth exp(a \ u\'^^^^~^^) with a > the corresponding 
supremum is +oo. 

3. The improved subcritical polynomial grov^^th {SCPI)-Prooi of Theorem 1 



In this section, we study the problem (jP]) in the case 1 < p < A^. As we mentioned 
earlier, there have been a lot of papers about the existence of nontrivial nonnegative 
solutions without the the (y4i?)-condition in the case of subcritical polynomial growth. 
Nevertheless, almost all of them consider the problem (jP]) under the nonlinear term / 
satisfies the condition (SCP) which is stronger than our condition [SCPI). In |21j . the 
authors had a similar result to ours by using the Nehari condition type to replace for the 
(AR) condition. Here, we will show that we can use a suitable Mountain Pass Theorem 
to get our desired result. 

Lemma 4. Let f satisfy (LI), {L2), (LA), {SCPI). Then J satisfies the conditions (z) 
and (a) of Lemma 1. 

Proof. Let u G W^'^ {Vt) \ {0} , m > 0. By (L2), for all M, there exists d such that 
for all (x, s) G n X M+ 

(3.1) F{x,s)>MsP-d. 
Then 

J{tu) <-\\uf - MtP [ \ufdx + 0{l) 
P Jn 

= tP -M j \uf d^ + 0(1) 

IK 1 1 p 

Now, choose M > ^|pjp, we have J{tu) — t- — oo as t — t- oo, so J satisfies (ii) of Lemma 1. 
Next, by (L4) and (SCPI) , there exist C, r > such that 

(3.2) F(x, s) <-{Xi-T)\sf + C \sf , V (x, s) G X M 

P 

Thus by the definition of Ai {Q) and the Sobolev embedding: 
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Since r > and p* > p, we may choose p,S > such that J{u) > 5 if = p and so, J 
satisfies (i) of the Lemma 1. □ 

Next, we will check that J satisfies the (C)c for all real numbers c. 



Lemma 5. Assume (LI), {L2), (L3) and (L4) hold. If f has the improved subcritical 
polynomial growth on Q (SCPI), then J satisfies (C)c for all c e R. 

Proof. Let {un} be a Cerami sequence in Wo'" (n) such that 

{l+\\Un\\)\\DJ{Un)\\^Q 
J {Un) C 

i.e. 



(3.3) (1+lknl 



< £n \\v\ 



/ |Vii„|^ ^S/UnVvdx— / f{x,Un)vdx 
Jn Jn 

- \\Un\\" — I F(x,Un)dx ^ C 

P Jn 



where 0. We first show that {«„} is bounded which is our main purpose in this 

paper. Indeed, suppose that 

(3.4) oo 

Setting 

Ur,. 



then = 1 so we can suppose that Vn ^ v in Wo'P{n). We may similarly show that 
v'^ in Wq'^ (O), where = max {w, 0} . Since Q is bounded, Sobolev's imbedding 

theorem imphes that | ^^^^^ ~^ ^ ^f} ^^^^^ ^ . We wish to show that v'^ — 

\ v:^ ^ v+ m L'i {VL) , Ml <q< p* 

a.e. Q. Indeed, if = {x e Q : v"*" (x) > 0} has a positive measure, then in Q+, we have 

limM^(a;) = limt'^(a;) = +oo 



and thus by (L2) 



F(a;,-u+(a;)) . ^, 

lim , L " IP = +00 a.e. m Q+ 

n-J-oo m+IX) 



This means that 

(3.5) lim \v^{x) r = +00 a.e. in 0+ 
and so 

(3.6) / hminf ^f^:''",^^^^ Iv+ix)]" dx = +oo 
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Also, by fl3.3p . we see that 



which imphes that 



and 



n\f = pc + p / F{x,u^ {x))dx + o{l] 
Jn 

/ F{x,u^ {x))dx ^ +00 
Jn 



(3.7) hminf / iS^l^^^^dx 



n 



Ur. 



hminf In+Fi^,utix))dx 



n^oo pc + p F{x, M+ {x))dx + 0(1) 
1 



p 

Now, note that s) > 0, by Fatou's lemma and ( 13.6p and (13. 7p . we get a contradiction. 
So f < a.e. 

Letting t„ G [0, 1] such that 

J (tfiUn) = niaxJ(tM„) 
For all i? > 0, by (SCPI), there exists C > such that 

(3.8) F{x,s) < + -^s^*, V(x,s) e Q x R. 
Also since 00, "we have for n sufficient large: 

(3.9) J {tnUn) > J i^^Un] = J {RVn) 

\\\Un\\ J 

and by (13. 8p with note that F (x, f„) dx = J^F (x, f +) dx: 

(3.10) pJ{Rvn)>R^-pC [ \Rv^{x)\dx - [ iRv^fdx 

Jn R^ Jn 

= R^ — pRC I \v^{x)\dx — p I \vn^ dx 
Jn Jn 

Since f ^ ^ weakly in VrJ'^(f2), thus \Vn\^ dx is bounded by a universal constant 
C {VL) > and also \Vn{x) \ dx — )■ 0. Thus if we let n — )■ 00 in (I3.10p . and then let 
i? — 7- 00 and using (13. 9p . we get 

(3.11) J(t„M„)-^oo 



Note that J(0) = and J('U„) — )■ c, we can suppose that t„ G (0, 1). Thus D J {tnUn)tnUr. 

■^n 11^1 II / f {p^ i^n^n) in^ndx 



0, i.e.. 
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Also, by (I33D 

/ [/ {x,Un)Un -pF{x,Un)] dx = \\Unf + pC - \\Un\f + o(l) 

Jn 

= pc + 0(1) 

So by (L3) : 

pJ (tnUn) = t^\\Unf - p / F {x,tnUn) dx 
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[/ (X, tnUn) tnUn - pF (x, tnUn)] dx 
<9 [f{x,Un)Un-pF{x,Un)]dx + 0{l) 

Jn 
<0(1) 



which is a contraction to (13.111) . This proves that is bounded in Wq'^ {Q). Without 
loss of generality, we can suppose that 

Un ^ u in Wq'^ (Q) 
Un {x) — > u ix) a.e. VL 
Un — > u in (fi) , VI < g < p* . 

Now, since / has the subcritical growth on fi, for every e > 0, we can find a constant 
C{e) > such that 

/ {x, s) < C{e) + e \sf-^ , y{x,s)enxR 

then 



/ (X, Un) {Un - U) dx 

<C{£) I \{un — u)\dx + e 
Jo. 

<C (e) / I {un — u) \ dx + e 
Jn 

<Cie) [ \ {un-u)\dx + eC{n) 



Ur,-U Ur 



dx 



Ur 



dx 



Similarly, since u„ ^ u in W^"^ (Q) , — u)\dx — )■ 0. Since e > is arbitrary, we 

can conclude that f (x, m„) («„ — u) dx ^ 0. Thus we can conclude that 

(3.12) / (/(x,u„) -/(x,M))(u„-u)(ix"=4°°0 

Jn 

By (13.31) . we have 

(3.13) (DJ(u„) -DJ(n),(n„-M)) "4°°0 
From fl3:T2|) and fl37[3|) . we get 

/ (|Vm„|^"^ VUn - I Vu|^"^ Vu) {VUn - Vm) ^ 

Jn 
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Using an elementary inequality 

2^-P\b-af < {\bf-H-\af-\,b-a), ya,b e W 
we can deduce that 

Vm„ -> Vu in LP {Q) 

So we have ^ strongly in Wq'^ (Q) which means that J satisfies {C)c- □ 

3.1. Proof of Theorem 1. Combing Lemma 5 and Mountain Pass Theorem (Lemma 
1), we can easily deduce that the problem ([P]) has a nontrivial weak solution. 

4. The subcritical exponential growth-Proof of Theorem 2 



In this section, we will study the problem (jP]) in the case p = N > 3 and / satisfies 
the (SCE). As far as we know, this appears to be the first work with the (y4i?)-condition 
free in the subcritical exponential growth. 

4.1. The geometry of the functional J. In this subsection, we will check the 
Mountain Pass properties of the functional J. Similar to Lemma 4, we have the following 
lemma: 

Lemma 6. Let f satisfy {L2). Then J{tu) — t- — oo as t — )■ oo for all nonnegative function 
u G Wl'"" iSl) \ {0} . 

This means that the condition {%) in Lemma 1 is satisfied. Now, we will check the 
second one: 

Lemma 7. Let f satisfy {Ll)^ (-^4), {SCE). Then there exist 6,p > such that 

J{u) > 6 if \\u\\ = p 
Proof. By (L4) and (SCE) , there exist k,t > and q > N such that 

Fix, < ^ (Ai - r) \sf + Cexp (/t Isl'^/^"^"'^) Is]" , V (x, s) G x M 
By Holder's inequality and the Moser-Trudinger embedding, we have: 

Ar/(iV-l)\ \ / N 1/r' 



exp I K \u 



^^'■^ \u\'^ dx < i exp I /tr 1 1^1 1 ^ VirT/ \ dxj ( lu]"^ dx 




1/r' 

<C{ I lufUx' 



if r > 1 sufficiently close to 1 and \\u\\ < a, where nra'^^^^ < a^- Thus by the 
definition of Ai and the Sobolev embedding: 

11 \ ^ ^ (^ (-^1 ~ II 11^ n II 119 

^(-)>^^i x^JlHI -c\\u\\ 

Since r > and q > N, we may choose p,6 > such that J{u) > 5 if \\u\\ = p. □ 

Again, it's very important to check that J satisfies the (C)c for all real numbers c. 
Similar to what we have shown in the previous section, we have the following lemma: 
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Lemma 8. Assume {LI), {L2), (L3) and (L4) hold. If f has subcritical exponential 
growth on Q (SCE), then J satisfies {C)c for all c G M. 

Proof. Let {un} be a Cerami sequence in Wo' (fi) such that 

(l+||n„||)pJK)|| ^0 

J{Un) C 

i.e. 



(4.1) {l + \\Ur, 



< Sr.. \\v\ 



/ |Vm„|^ "^VunVvdx— / f{x,Un)vdx 
Jn Jn 

^Iknll^- / F{x,Un)dx ^ C 



N 

where En ?° 0. We will show that {u„} is bounded. Again, suppose that 
(4.2) oo 
Setting 

Un 



II II 

then = 1. We can then suppose that f „ ^ f in W^'^ {Vt) (up to a subsequence) . 
We may similarly show that ^ in W^'^ (fi), where = max {w, 0} . 
Again, let t„ G [0, 1] such that 

J (tnUn) = maxJ(t'u„) 
*e[o,i] 

For any given i? > 0, by (SCE), there exists C = C{R) > such that 

(4.3) F{x, s)<C \s\ + exp , V (x, .) G x M. 
Also since \\un\\ ^ oo, we have 

(4.4) J {tnUn) > J (^Un) = J {RVn) 

and by fl4.3p . = 1 and the fact that F (x, f„) dx = f^F {x, v^) dx, we get 

(4.5) NJ {Rvn)>R^ - NCR j \v+{x)\dx-N j exp (^a^v |t^+(x) |^^^^~^^) rfx 

>R^ -NCR j \v+{x)\dx-N j exp (^a^ \vn{x)f^^^-^^^ dx 

Since \\vn\\ = 1, we have that /^exp ^oat |fn(a;)|^^*-^ ""^^ j dx is bounded by a universal 
constant C (Q) > by the Moser-Trudinger inequality (Lemma 3). Also, since f ^ ^ in 
Wq'^ (Q), we have that \v:^{x)\dx — )■ 0. Thus using (14. 4p and letting n — )• oo in (14. 5p . 
and then letting i? — )• oo, we get 

(4.6) J {tnUn) oo 
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Note that J(0) = and J(u„) — )■ c, we can suppose that t„ G (0,1). Thus since 

DJ(tnUn)tnUn = 0, 



II ||Af 



So by (L3) : 



N J {tnUn) = \\Un\\^ - N / F (x, t„M„) (ix 

[/ (X, t„M„) - A^F (X, tnUn)] dx 

<e [ [fix,Un)un-NF{x,Un)]dx + 0{l) 
Jn 

Also, by (13. 3p . we have 

[/ (X, Un) Un - NF (X, dx = ||Mn||^ + A^C - || U„ || ^ + o(l) 

= Nc + o{l) 

which is a contraction to (13. lip . This proves that {«„} is bounded in W^'^ (Q). Without 
loss of generality, suppose that 

ll^inll < K 

Un ^ u in Wq'^ (Q) 
Un (x) — 7- u (x) a.e. Q 
Un — >■ u in L'P (Q) , Vp > 1. 

Now, since / has the subcritical exponential growth (SCE) on Q, we can find a constant 
ck > such that 

fix,s)<CKexp 

then by the Moser-Trudinger inequality, 

/ (X, Un) {Un - U) dx 



N/{N~1) 



< I \f {x,Un){Un-u)\dx 

1/2 



, V(x, s) e n X 



< i^j \f{x,Un)fdx 

^^(/„^^p(7f^ 

<C I / exp 



\Un — u\ dx 



1/2 



,1) 



\N/iN-r 



O^N \\N/{N-1) 



1/2 

dx 1 \\Un — u\ 
N/{N-1)^ 



^N/(N-l) II "I 



Ur 



\Ur. 



1/2 

dx I \\Un 



, ^ II II n— >-oo „ 

< C — n||2 — 7- 0. 

rl.N 



Similarly, since m„ ^ -u in ' (f2) , Jj^ / (x, u) [un — u) dx 0. Thus we can conclude 
that 



(4.7) 



(/ (X, Un) - f (X, U)) {Un - u) dx 
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Also, by (14. ip we have 

(4.8) {DJ{un) - DJ{u), K - u)) 

From (137[2|) and ( KWf . we get 

j (l Vw^r^^ Vun - \Vuf'^ Vuj (Vu„ - Vn) ^ 

Using an elementary inequality 

2'~'^\b-af <(\bf-'b-\af-'a,b-a), Va, 6 G 



we can deduce that 

Vun Vn in (Q) 

So we have m„ u strongly in Wq'^ (Q) which shows that J satisfies {C)c- □ 

4.2. Proof of Theorem 2. Again, by Lemma 8 and Mountain Pass Theorem (Lemma 
1), we can easily deduce that the problem ([P]) has a nontrivial weak solution. 

5. The critical exponential growth-Proof of Theorem 3 

In this section, we study the problem ([P]) where Q is the bounded domain in and 
/ has the critical growth (CR), say, at > 0. Recall that then we have 

1/ i^^ u)\ 

lim T ^ ^ = 0, uniformly on x G fi, Va > an 

u^+oo ( I \N/{N-1)^ 



exp ( a \u 

and 



lim 1/ ^ _ uniformly on x G fi, Va < an 



exp \u 

We now start the proof of Theorem 3. 

Proof. Similar to the previous two sections, by our conditions, we see that our 
Euler-Lagrange function associated to the problem ([P]) has the Palais-Smale geometry 
properties. Now we consider the Moser functions: 

_ (logn)^^-')/^, < |a;| < 1/n 

M„(x) = c-^/f <! igMEil, l/n<|a:|<l 



0, 1< X 



We see that M„ G Wq'^ (5i(0)) and 



1, Vra G N. Since d is the inner radius of 



we can find Xq G i7 such that -Bd(xo) C Vt. Letting M„(x) = M„(2-^), which are in 
Wl'^ (f2) , ||M„|| = 1 and suppMn = i?d(xo). As in the proof of Theorem 1.3 in 
can conclude that 

max {J(tM„) : t > 0} < — ( — 
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It can be checked easily by a similar argument to that in the previous section that J 
satisfies the condition (z) and {ii) of Lemma 2 (See Lemmas 6 and 7). So, we can find a 
Cerami sequence in W^' {Vt) such that 



(5.1) 



;i + ||u„||)pj(n„)|| ^0 

J{un)-^ Cm < 



N-l 



We again want to show that {u„} is bounded in W^'^ {Vt). Indeed, if we suppose that {«„,} 
is unbounded, then using the same argument to that used in the previous two sections, 
we can get that 



in Wq' {^l) where u„ 



Let tn & [0, 1] such that 



J (tnUn) = maxJ(tM„) 
te[o,i] 



Let Re [OA^ 



{N-l)/N 



and choose e 



j^N/(N-l) 



ao > 0, by condition (CG), there 



exists C > such that 
(5.2) F{x,s) <C\s\ + 

Since llMnll — oo, we have 
(5.3) 



RN/(N-1) 



- "0 



exp ((ao + e) ,W{x,s)eQx 



J itnUn) > J 



R 



-Ur 



J {RVr. 



and by (15. 2p and noticing ||t>„|| = 1, we have 
(5.4) 

NJ{Rv^)>R''~NCR I \vl{x)\dx~N 
By the Moser-Trudinger inequality (Lemma 3), 
exp 



- ao 



exp 



exp (aAT 



7V/(7V-1), 



?)) dx 



is bounded by an universal constant C (i7) > thanks to the choice of e. Also, since 
f ^ ^ in Wq'^ (fi), |'y^(a^)| dx 0. Thus if we let — )■ cxd in (15. 4p . and then let 



R 



(5.5) 



{N-l)/N 



and using (15. 3p . we get 



liminf J [tnUn) > 



1 / 



N-l 



>c, 



M- 



N \ao 

Note that J(0) = and J(m„) — )■ Cm, we can suppose that t„ G (0, 1). Thus since 

DJ{tnUn)tnUn = 0, 



t^Wu I 
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Also, by dSI]) 

[/ {x,Un)Un - NF {x,Un)] dx = ||m„||^ + NCm - \\Un\\^ + o(l) 

= NCm + 0(1) 

So by (L3) : 

NJ {tnUn) =t^\\Un\\^ - N / F (x, t„M„) dx 



n 



[f {X, tnUn) tnUn - NF (x, t„U„)] dx 
< I if (X, Un) Un - NF {X, Un)] dx 

Jn 

= NCm + o(l) 



n 



which is a contraction to (15. 5p . This proves that is bounded in W^'^ [Q). Now, 

following the proof of Lemma 4 in [29] . we can prove that m is a weak solution of ([P]). So 
the last remaining point that we need to show is the nontriviality of u. However, we can 
get this thanks to our assumption {L6). Indeed, suppose u = 0. Arguing as in [29] , we 
get f{x,Un) — )• in (Q). Thanks to {L6), F{x,Un) in (Q) and we can get 

lim llunll^ = NCm < I — 



OiQ 

and again, follows the proof in j29j . we have a contradiction. The proof is now completed. 



□ 
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